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Unconventional superconductivity in iron-base superconductors in a three-band model
Dawid Crivelli∗ and Andrzej Ptok†
Institute of Physics, University of Silesia, 40-007 Katowice, Poland
Iron-base superconductors exhibits features of systems where the Fulde-Ferrel-Larkin-Ovchinnikov
(FFLO) phase, a superconducting state with non-zero total momentum of Cooper pairs, is actively
sought. Experimental and theoretical evidence points strongly to the FFLO phase in these materials
above the Pauli limit. In this article we discuss the ground state of iron-base superconductors near
the critical magnetic field and the full h−T phase diagram for pnictides in case of intra-band pairing,
in a three-band model with s± symmetry.
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I. INTRODUCTION
In ’60s of the XX century, two independent groups,
Fulde-Ferrell (FF)1 and Larkin-Ovchinnikov (LO)2, pro-
posed a superconducting phase with oscillating order pa-
rameter (OP) in real space. This phase, nowadays called
the Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) phase, is
more stable than the BCS phase in low temperature and
hight magnetic field regime. FF proposed a supercon-
ducting phase with one momentum q possible for Cooper
pairs, whereas LO assumed the possibility of two oppo-
site momenta ±q – in this case the OP in real space
is proportional to exp(iq · r) or cos(q · r) respectively.
A non-zero total momentum of Cooper pairs bears as a
consequence the change of sign of the order parameter
(OP) in real space and breaks the spatial symmetry of
the system (this is true not only in systems with trans-
lation symmetry, but also when rotational symmetry is
present3–5).
The FFLO phase can be expected in materials with
relatively high Maki parameter α ∼ Horbc2 /H
P
c2, when the
orbital critical magnetic field Horbc2 is greater than the
paramagnetic critical field HPc2. Therefore a good class
of candidate to find the FFLO are heavy fermions mate-
rials (such as CeCoIn5)
6–12, organic superconductors13
and quantum gases14. The FFLO phase can exist also
in inhomogeneous systems in presence of impurities15–17
or spin density waves18. Moreover these inhomogeneities
can increase the tendency system to create the FFLO
phase and stabilize it in a lower magnetic field.17,19 The
FFLO phase can be also stabilized by pair hopping inter-
action20,21 or in system with nonstandard quasiparticles
with spin-dependent mass.22–24
Other good candidates to find the FFLO phase are
iron-based superconductors (IBSC)25,37–40 – the charac-
teristic feature of these chemical compounds are iron-
arsenide layers (Fig. 1.a), which imply multi-band prop-
erties such as the characteristic Fermi surface (with hole-
and electron-like Fermi pockets around the (0, 0) and
(π, π) point respectively, illustrated in Fig. 1.b).26–28
IBSC are materials with high Maki parameter and
anisotropic upper magnetic fields.29–36 Experimentally
a phase transition inside the superconducting state has
been observed, which can be evidence about the phase
transition from convectional superconductivity to the
FFLO phase.41 These results are agreement with theo-
retical expectations.40,42,43
In this paper we analyze IBSC (pnictides) using the
three band model proposed by M. Daghofer et al.44,45 In
section II we describe details of theoretical calculation,
in section III we show and discuss numerical results. We
summarize the results in section IV. Parameters for the
model are listed in Appendix A.
II. THEORETICAL PART
The general Hamiltonian for the multi-orbital system
can be written as H = H0 + HI . The non-interacting
part H0 is given by:
H0 =
∑
kσ,αβ
(
Tαβk − (µ+ σh)δα,β
)
c†kασckβσ (1)
where c†kασ(ckασ) is the creation (annihilation) operator
for a spin σ electron of momentum k in the orbital α.
Hopping matrix elements Tαβ
k
are given by the effective
tight-binding model of the two dimensional FeAs planes
in the given model (see Appendix A). Integer α and β
label the orbitals. Band structure of the FeAs system can
be reconstructed by diagonalization of the Hamiltonian
FIG. 1. (Color on-line) (Panel a) FeAs layer in iron-base su-
perconductors. Fe (red dot) and As (blue and green dots) ions
form a quadratic lattice. As ions are placed above (blue) or
under (green) the centers of the squares formed by Fe. (Panel
b) True Fermi surface in first Brillouin zone, for two Fe ions
per unit cell.
2H0:
H ′0 =
∑
kεσ
Ekεσd
†
kεσdkεσ . (2)
µ is the chemical potential, changing the average num-
ber of particles in the system n = 1
N
∑
kασ c
†
kασckασ =
1
N
∑
kασ d
†
kασdkασ, where N is the number of lattice site.
h is the external magnetic field parallel to lattice. ε labels
the bands.
We introduce a superconducting pairing between
quasi-particles in bands ε. In absence of interband pair-
ing or when it is weak,46 we can effectively describe su-
perconductivity in the FFLO phase by the Hamiltonian:
H ′SC =
∑
εk
(
∆εkd
†
εk↑d
†
ε,−k+qε↓
+H.c.
)
, (3)
where ∆εk = ∆εη(k) is the amplitude of the OP for
Cooper pairs with total momentum qε. The structure
factor is given by η(k) = 4 cos(kx) cos(ky) for s±-wave
symmetry of the OP.39 As we see, in case intra-band pair-
ing we have formally an n-band system described by the
total Hamiltonian H = H ′0 + H
′
SC , with n independent
bands ε. Using the Bogoliubov transformation we can
find a final fermions basis Γεk = (γεk↑, γε,−k↓)
T , describ-
ing the quasi-particle excitation in the superconducting
state:
H =
∑
εkτ
E¯εkτγ
†
εkτγεkτ + const. (4)
with
E¯εkτ =
Eεk↑ − Eε,−k+q↓
2
(5)
+ τ
√(
Eεk↑ + Eε,−k+q↓
2
)2
+ |∆εk|2
where τ = ±. Total free energy is given by Ω =
∑
ε Ωε,
where:
Ωε = −kBT
∑
kτ
ln
(
1 + exp(−βE¯εkτ )
)
(6)
+
∑
k
(
Eεk↓ −
|∆εk|
2
Vε
)
.
is the free energy in band ε in the presence effective in-
teraction intensity Vε. The ground state for fixed h and
T can be found by minimizing the free energy w.r.t. the
OPs.
III. NUMERICAL RESULTS
Numerical calculations were carried out for a square
lattice NX ×NY = 2000× 2000 with periodic boundary
conditions. First, the effective pairing intra-band poten-
tial Vε has been determined for every band, in case of
s± symmetry of the order parameter – to find its value
we seek the disappearance of the superconducting BCS
phase in each band at the same critical magnetic field
hBCSC = 0.005[eV ] (and temperature kBT = 10
−5[eV ]).
Secondly, we determine the h−T phase diagram for those
fixed values.
Ground state at the BCS critical magnetic field. To
determine the h−T phase diagram with Vε fixed, we vary
the total momentum of Cooper pairs q to find the ground
state. Results for magnetic field h ≃ hBCSC and tempera-
ture kBT = 10
−5[eV ] are shown in Fig. 2. As we see for
every band and q = 0, there exists a local minimum of
the free energy Ωε(q) corresponding to the BCS phase.
However we find the true ground state by the global mini-
mum, which is attained for q 6= 0. For the first two bands
(ε = 1, 2 – panels a and b respectively) the ground state
-1.4834726
-1.4834725
-0.7192636
-0.7192633
-0.01396346
-0.01396338
FIG. 2. (Color on-line) The free energy per site Ωε(q)/NxNy
for s± symmetry, for different values of the Cooper pair mo-
mentum q, showing the location of the minima and indicating
the existence of different phases. Results for h ≃ 0.005[eV ] =
hBCSC and temperature kBT = 10
−5[eV ].
3can be found for four equivalent total momenta q1,2 in
directions [1,±1]. In the third band (ε = 3 – panels c)
the global minimum also exists at non-zero total momen-
tum of Cooper pairs, but in direction [0, 1] or [1, 0]. This
result is in agreement with other theoretical results for
pnictides in a minimal two-band model39,40 and one-band
heavy fermions systems,12,18,19,21 where the FFLO phase
exhibits precisely this direction of the momentum.
Phase diagram h−T . For fixed values of the effective
pairing potential Vε, we find the h−T phase diagram for
each band, as shown in Fig. 3. The region of the BCS
phase on the phase diagram has a typical form. Above
the critical magnetic field for BCS phase and at low tem-
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FIG. 3. (Color on-line) h−T phase diagram for given effective
pairing potential Vε. Grey area shows region of existing BCS
phase. Lines mark the phase transitions. Colors (red, green
and blue) mark the regions of the FFLO phase with different
values of the total momentum of Cooper pairs qε.
peratures, the FFLO phase can form (cyan region in Fig.
3). In the first two bands, the critical magnetic field of
the FFLO phase is bigger than in the third band (Fig 3)
– for the chosen values of Vε this difference is approxi-
mately equal to 1
5
hBCSC .
Total momentum of Cooper pairs. Minimization of
the free energy gives the total momentum of Cooper pairs
(shown in Fig. 2 in magnetic field near hBCSC ). Its value
|qε| is higher for the first band than for the second and
third bands. However an increase in the magnetic field
raises the total momentum magnitude (red, green and
blue areas in Fig. 3), as in the IBSC two-band model.40
In every band the critical magnetic fields of the
phase transition from the FFLO phase to normal state
hFFLOC (T ) are different. Consequence of this are the ob-
served multiple transitions inside the FFLO area of the
phase diagram, associated with changes in the modules
of total momentum of Cooper pairs |qε|. Moreover this
leads to amplitude modulation of the order parameter in
real space, in agreement with the results in in the two-
band case.40,42,43 To observe this feature would be an
experimental check of the existence of the FFLO phase
in these materials,41 since we expect more than one phase
transition to exist, associated with disappearance of the
FFLO phase in selected bands when increasing the ex-
ternal magnetic field h.
IV. SUMMARY
Using the three-band model proposed by Daghofer et
al.44,45 we make a case for the FFLO phase in iron-base
superconductors in presence of intra-band pairing with
s±-wave symmetry. As in previous theoretical works,
39,40
we show that the ground state of pnictides, above the
critical magnetic field of BCS phase and in low temper-
ature, is an unconventional superconductor of the FFLO
type. The full phase diagram has been obtained on lat-
tices of thermodynamically relevant sizes, marking the
typical area of the BCS phase and how the FFLO can be
found beyond its borders, in regimes detrimental to the
existence of BCS superconductivity. Consequence of this
is the amplitude modulation of the order parameter in
real space and multiple phase transitions, in agreement
with the literature.40,42,43
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Appendix A: Three-orbital model Daghofer et al.
This model of IBSC was proposed by Daghofer et al.
in Ref. [44] and improved in Ref. [45]. Beyond dxz and
4dyz orbitals the model also accounts for dxy orbital:
T 11k = 2t2 cos kx + 2t1 cos ky + 4t3 cos kx cos ky (A1)
+ 2t11(cos(2kx)− cos(2ky)) + 4t12 cos(2kx) cos(2ky),
T 22k = 2t1 cos kx + 2t2 cos ky + 4t3 cos kx cos ky (A2)
− 2t11(cos(2kx)− cos(2ky)) + 4t12 cos(2kx) cos(2ky),
T 33k = ǫ0 + 2t5(cos kx + cos ky) + 4t6 cos kx cos ky
+ 2t9(cos(2kx) + cos(2ky)) (A3)
+ 4t10(cos(2kx) cos ky + cos kx cos(2ky)),
T 12k = T
21
k = 4t4 sin kx sinky , (A4)
T 13k = T¯
31
k = 2it7 sin kx + 4it8 sin kx cos ky, (A5)
T 23k = T¯
32
k = 2it7 sin ky + 4it8 sin ky cos kx. (A6)
In Ref. [45] the hopping parameters in electron volts
are given as: t1 = −0.08, t2 = 0.1825, t3 = 0.08375,
t4 = −0.03, t5 = 0.15, t6 = 0.15, t7 = −0.12, t8 = 0.06,
t9 = 0.0, t10 = −0.024, t11 = −0.01, t12 = 0.0275 and
ǫ0 = 0.75. Average number of particles in the system
n = 4 is attained for µ = 0.4748.
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